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For an undirected as well as connected graph G = (V, E), a node point w € V(G) is edge-
vertex dominated by an edge e € E(G) if w is incident to e or w is incident to an adjacent
edge of e. A set Dy CFE is called an edge-vertex dominating set of G if every node point
of G is edge-vertex dominated by at least one edge of Dgy. The minimum cardinality
among all edge-vertex dominating sets is the edge-vertex domination number, symbolled
by vev(G). Here, we propose an algorithm that runs in O(n)-time for determining a
minimum-cardinality Dgy of interval graph with n nodes. We also study some properties
relating to the edge-vertex dominating set of interval graphs.
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1. Introduction

In a graph structure G = (V, E), V represents the node point set/vertex set and
E represents the link set/edge set. We also assume that G is connected and has
neither self-loop nor parallel edges. We use the symbol Ng(w) to represent the
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open neighborhood of the node w € V(G), that is Ng(w) = {u : (u,w) € E(G)}.
Also, we use the notation Ng[w] to indicate the closed neighborhood of the node
point w, where Ng[w] = Ng(w) U {w}.

Domination is always an interesting and vital topic to researchers. Claude Berge,
in his book [5], defined the basic idea of the domination number (D-number) v(G)
of G for the first time. The term dominating set (D-set) and D-number were first
mentioned by Ore [39]. About 20 years ago, Haynes et al. [23] wrote a revolutionary
book on the fundamentals of domination, and they recorded over 12,000 research
papers on domination and its different parameters in graphs. Sampathkumar et al.
[49] first introduced the term “connected domination number”. Later, Dorbec et al.
[13] established independent domination in cubic graphs. Variations of domination
like connected domination [3], edge domination, perfect domination, secured domi-
nation, k-tuple domination and k-hop domination [14}[32] [51], weighted domination,
paired-domination, independent-domination, roman domination [35], inverse roman
domination [33], total domination [50], isolate domination [4], 21, k-efficient dom-
ination [35], restrained domination [I5], independent line-set domination [20] have
been briefly discussed in the literature [0l 23] [29] [44]. Slater renames a k-hop D-
set as a k-basis [51]. Besides these, many researchers studied various properties of
graphs concerning domination [10, 12, 23427, 52]. Like most of the general graph
problems, minimum k-hop connected D-set problem is NP-Complete for arbitrary
graphs [54], even in unit disc graphs (UDG), this problem is NP-Complete [36]. On
planar graphs, Demaine et al. [14] proposed an algorithm that takes O(n*) time
to determine k-hop D-set with minimum cardinality. Natarajan et al. [37] have
done some fundamental works on hop D-number on some special class of graphs.
Also, on permutation graphs, Rana et al. [43] set up an efficient algorithm to find
a distance-k D-set. Later, Ayyaswamy et al. [2] worked on the upper and lower
limits of the hop D-number on trees. Besides these, on UDGs and arbitrary graphs,
many researchers set up some algorithms for solving k-hop connected D-set problem
[111 (18, [45], [55]. Also, in [7], Basuchowdhuri et al. determined influential vertices for
traditional communication networks using k-hop D-set. Kundu et al. [32] set up an
optimal algorithm for determining a k-hop D-set on trees. It is a general work of
the prior result to find a 1-hop D-set (with minimum cardinality) of a tree [10].
Favaron et al. [I6] established that the diameter of the domination k-critical graphs
is at most 2(k — 1) while k£ > 2. Later, Ramy [46] showed the bounds for the 2-
D-number of toroidal grid graphs. Also, Barman et al. [6] formulated an algorithm
(runs in O(n) time) to compute a d-hop D-set with minimum cardinality on interval
graphs. In 2021, Adhya et al. [I] presented an algorithm (runs in O(n) time) for
determining a k-hop connected D-set having the least node points on permutation
graphs.

For a connected as well as undirected graph G = (V| E), a node point w € V(G)
is edge-vertex dominated (EV-dominated) by an edge e € E(G) if w is incident to
e or w is incident to an adjacent edge of e. A set DgyCF is called an edge-vertex
dominating set (EVDS) of G if every node point of G is edge-vertex dominated by at

2350015-2



Discrete Math. Algorithm. Appl. Downloaded from www.worldscientific.com
by Sambhu Barman on 06/14/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Edge-vertex domination on interval graphs

least one edge of Dgy. The minimum cardinality among all edge-vertex dominating
sets is the edge-vertex domination number (EVDN). We denote it by the symbol
vev(G). If Dgy is an EVDS and every edge in Dgy has an endpoint incident to
another edge in Dgy, then Dgy is called the total EVDS. The minimum cardinality
of total EVDS is called the total edge-vertex domination number, and we denote it
by 7Ly - In the survey, like the EVDS there is another type of dominating set called
vertex-edge dominating set [41]. In this paper, we focus only on EVDS.

1.1. Interval graph

An interval graph (IG) is a well-known intersection graph of the intervals drawn
on a real line. Basically, we can build an undirected interval graph G(V, E) from
a collection of intervals I, j = 0,1,2,...,n, by generating a node point w; for
each interval I;, and linking two node points v; and v; by an edge whenever the
corresponding two intervals intersect each other. Therefore, E(G) = {(v;,v;) | L; N
I; # 0}. Figure [ shows an IG and its corresponding interval representation.

In operations research and scheduling theory, we usually utilize IGs for the rep-
resentation of resource assignment problems. In these cases, each request, like a link
in a network or a room assigned for a class in school or college or a processor in
compiling system, etc., represents an interval for a particular time. Besides these,
many researchers found applications of IG in computer science, genetics, bioinfor-
matics, file arrangements [8], job assigning []], protein sequencing [28], DNA map-
ping [19, 28], mechanism of macro substitution [I7], circuit routine [38], temporal
reasoning in Al, routing between two points nets [22], etc.

A very important result on IG G = (V, E) is stated as follows.

Lemma 1 ([40]). If the node points v;,vj,vp € V(G), i < j < k and v; is adjacent
with vy, then v; is adjacent with vy but v; may or may not adjacent with v;.

1.2. Survey of the related works

Peters et al. [41] first introduced EVDS and vertex-edge D-set of graphs. The EVDS
problems are NP-complete. This problem is NP-complete for bipartite graphs [34]
also. The double version of EVDS was studied by Sahin et al. [47]. They also

3 5 9
4 7 10
1 2 [§ 8
o v2 vy V6 7)97 v10
v vs o vs

Fig. 1. An interval graph and its interval representation.
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established the relationship between v4qev and Yqve, V¢, YEv for arbitrary tree and
graphs. They also determined the double EVDN for cycles and path graphs. In
[48], Sahin et al. showed that the total EVDS problem is NP-hard for bipar-
tite graphs and established that 75y < (n — 1+ 2s — 1)/2 for a tree having n
node points, where [ indicates the number of leaves and s is the number of sup-
porting node points. Venkatakrishnan et al. [53] derived a tight upper bound of
EVDN such that ygv(T) < (((T) + s — 1)/2) for trees and characterized the
trees using this upper bound. Krishnakumari et al. showed that v4(T) = 1 + ygv
in [30]. Recently, Kim et al [3I] proved for each tree T" with n nodes that
(n—,142)/4 <~yev(T) < (n—1)/2, where n > 3 and [ is the number of leaves.

1.3. Applications

The concept of EVDS can be applied in placing monitoring/tracking devices like
cameras to protect facilities in a given area. For illustration, in the graph model of
placing monitoring/tracking devices problem, if we place the monitoring/tracking
devices at the end-vertices of links/edges, i.e., at the members of a EVDS domi-
nating set, then these tracking devices can track/observe all the adjacent vertices
(i.e., facilities) including the tracking devices located at another end vertices of
the edges belong to the EVDS. If one of the tracking devices stops working, then
the immediate adjacent device can service those vertices/facilities watched by the
malfunctioned device.

1.4. Main outcome

Here, we propose an algorithm that runs in O(n) time for determining a minimum-
cardinality edge-vertex dominating set on interval graph with n node points. We
also calculate the time and space complexities of the proposed algorithm. Besides
these, we study some properties related to edge vertex dominating set of interval
graphs.

1.5. Arrangement of our paper

We present some notations in the next section. These notations we use in our paper.
Section 3 describes some needful properties related to minimum EVDS on interval
graphs. We present an optimal algorithm for computing a minimum-cardinality
EVDS on interval graph in Sec. @l Here, we also calculate compilation time and
memory spaces of the proposed algorithm.

2. Notations

Here we mention some notations that we use in our paper.

Dgv : edge-vertex dominating set.
|V|:order of the set V.
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Ii : [ai, bl]

I, :the highest indexed adjacent interval of the least indexed interval.
I, : the highest indexed adjacent interval of I,,,.

n:|V(G)| =n.

(v1,v2) : the edge between the vertices v1 and vs.

EVDS:edge vertex dominating set.

EVDN : edge-vertex domination number.

IG :interval graph.

3. Important Properties Related to Minimum Edge-Vertex
Dominating Set on Interval Graph

Here, we study some emergent results related to the minimum edge-vertex domi-
nating set on interval graphs.

Lemma 2. Let I,,, be the highest indexed adjacent interval of the least indexed
interval I, and I, be the highest indexed interval among the intervals whose a; €
[0z, bm,]. If I, does not ezist or mg < mq, then the edge (vg,Vm,) is a member of
DEV.

Proof. Suppose I,,, is the highest indexed adjacent interval of the least indexed
interval I, and I,,, is the highest indexed interval among the intervals whose
a; € [by,bm,]. If I, does not exist, then m; = n. Also, in this case, either only
two intersecting intervals I, and I,,,, are exist in the region [min{a., am, },bm,| on
interval representation, or the intervals whose a; < b, and x < i < m; are exist.
So by Lemma [ (v;,vm,) € E and (v,,v;) € E. Therefore, the edge (vy,vpm,) is
essential for finding Dgy.

Again if mg < mq, then my = n, * < mg < my and (vz,vm,) € E. So,
(Umyy Um, ) € E, i.e., I, is adjacent with I,,, (using Lemma [T]). Again the intervals
whose a; < b,, intersects both the intervals I, and I,,, as ¢ < i < mi. Now, for the
intervals whose a; € [by,bm,], (Vi,Um,) € E, and for the intervals whose a; < b,
(ViyUm,) € E and (v;,v;) € E. So, all the vertices whose corresponding intervals lie
in [min{az, am, },bm,] are edge-vertex dominated by the edge (vy, vr,, ). Hence the
result. O

Lemma 3. Let I,,, be the highest indexed adjacent interval of the least indexed
interval I, and I, be the highest indexed interval among the intervals whose a; €
[b2ybmy]. If L, exists and my < ma, then (U, , Um,) is a member of Dgy.

Proof. Let I,,,, be the highest indexed adjacent interval of the least indexed interval
I, and I,,,, be the highest indexed interval among the intervals whose a; € [by, b, .
Now, if I,,2 exists and m; < mag, then the interval whose a; € [by,bs,,| must
intersect the interval I,,,. Again the interval whose a; < b, and z < i < my
intersects both I, and I,,,, as I, intersects I,,,,. So, the vertex whose corresponding
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interval having a; € [bz, by, ] or a; < b, must intersect the vertex v,,, corresponding
to the interval I,,, .

Besides these, the interval whose a; € [by,, , bm,] must intersect the interval I,,,, .
So, the edge (U, , Vm,) is a member of the edge-vertex dominating set Dgy. Hence
the result is proved. O

Lemma 4. Let I, be the highest indexed interval among the intervals whose a; €
[y, bms]. If at any stage (Vpm,, VUm,) is a currently selected member of the set Dgy
and there exists at least one interval whose a; > bpy,,i < n, then (vm,,v,) will be
the next member of the set Dgy.

Proof. Suppose I, is the highest indexed interval among the intervals whose a; €
[Dmy, bms,]- If at any stage (Vpm,,Um,) is the currently selected member of the set
Dgy, intervals whose a; € [bm,,bm,|, must intersect I,,,. Now, if there exist at
least one interval whose a; > by,,,7 < n, then it does not intersect I,,, but it
intersects I,, as ma < i < n and (Vm,, vy) € E (using Lemmal[l)). So, v; is not edge-
vertex dominated by the edge (vnm, , Um, ). Therefore, one more edge is required. For
this reason, (vm,,v,) will be the next member of edge-vertex dominating set Dgy.
Hence the result. |

Lemma 5. Let at any stage (except the initial stage), I, is the least indexed
unmarked interval and I, be the highest indexed interval among those intervals
whose a; € [blast, bz], where biasy is the right endpoint of the last scanning region.
Then (vy,vy) is a member of edge-vertex dominating set Dgy .

Proof. We assume that (v;,1,vm2) is the currently selected member of Dgy at a
particular stage. So, all the vertices corresponding to the intervals whose a; < by,
are EV-dominated by at least one member of EVDS Dgy. Now, let I, be the least
indexed unmarked interval that is not edge-vertex dominated by Dgy and I, is
the highest indexed interval among those intervals whose a; € [biast, bz], where bast
is the right endpoint of the last scanning region. Then b,,5 = bl.st < az. So, all
the vertices corresponding to the intervals whose a; > b,,2, are not edge-vertex
dominated by (vsn1,vm2)- So, one more edge is needed to edge-vertex dominates all
vertices and that edge is (v, v, ). Hence, the result is proved. |

4. Algorithm for Computing Minimum EVDS on Interval Graph

Now, we are going to present an algorithm to find a minimum EVDS on IG in O(n)
time. From the results stated in the previous section, we have observed that if mo
does not exist or mg < mq, then (v, vy, ) is a member of edge-vertex dominating
set Dgy and if m; < ma, then (v;,1, vm2) is a member of edge-vertex dominating set
Dgy. Also, the edges (vm,,v,) and (v, v,) can be considered a member of EVDS
Dgyv depending on the situation discussed in Lemmas [ and [, respectively.
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The complete Algorithm EVDSIG, designed for computing a minimum EVDS
Dgy of interval graph G is presented below.

Algorithm EVDSIG
Input: An interval representation of an interval graph G.
Output: Minimum-cardinality EVDS Dgy.
Step 1: Find the set M; of the intervals whose a; < b; and mark them.
Step 2: Set my = highest index of the intervals of Mj.
Step 3: Find the set My of the unmarked intervals whose a; € [b1, by, | and mark
them.
Step 4: Set mo = highest index of the intervals of M.
Step 5: If mo does not exist or my < my, then
find Dgy = Dgyv U {(v1,vm,)} and exit. //Lemma[2l//
Else
go to the next step.
End If
Step 6: Find Dgyv = Dy U {(Um,, Um,)}.//LemmaBl//
Step 7: Find the set M3 of the unmarked intervals whose a; € [b,, bm,] and mark
them.
Step 8: Set m3 = highest index of the intervals of Mj.
Step 9: If m3 = n, then
find Dry = Drv U {(Vm,, Um;)} and exit. //Lemmald//
Else
go to the next step.
End If
Step 10: Select the least indexed unmarked interval, say I.
Step 11: Find the set M7, of the unmarked intervals whose a; € [by,, b;] and mark
them.
Step 12: Set mq; = highest index of the intervals of M.
Step 13: If m1; = n then
find Dry = Dgv U {(Vz,Vm,, )} and exit. //Lemmal[dl//
Else if m1; < mg, then
mi1 = ms.
Else
go to the next step.
End If
Step 14: Find the set Mo of the unmarked intervals whose a; € [by, by, | and
mark them.
Step 15: Set moo = highest index of the intervals of Mss.
Step 16: Find Dgy = Dy U {(Vm,1;Vma, ) }-
Step 17: Find the set Ms3 of the unmarked intervals whose a; € [by,,, bm,,] and
mark them.

2350015-7
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Step 18: Set m33 = highest index of the intervals of M3s.

Step 19: If ms3 exists then ms3 = mg3, m1 = m11, me = Mmaos and go to Step 9.
Else exit.
End if

End EVDSIG.

If we apply the above Algorithm EVDSIG for the IG G of Fig. [l then output
will be a minimum EVDS Dgy = {(vs,vs), (v9, v10)} of G.

Lemma 6. The Algorithm EVDSIG gives a minimum EVDS of interval graph G.

Proof. In Step 5 of Algorithm EV DSIG, by Lemma 2, we set up Dgy = Dgy U
{(v1,Vm,)}, where my = n is highest index of the intervals whose a; < b1, depending
upon the condition that if mo does not exist or my < my, where my is highest
index of the intervals whose a; € [b1,bm1]. So, edge-vertex dominating set Dgy is
minimum as its cardinality is one. Again if mo > my (in Step 6), then applying
the result of Lemma Bl we set up Dgyv = Dgv U {(vm,,Vm,)}. Here, we select the
edge (U, , Um,) as a member of Dgy because the interval I,,,, is the highest indexed
adjacent interval of I; and I,,, is the highest indexed adjacent interval of I,,, i.e.,
the edge (Vim,,Vm,) edge-vertex dominates the maximum number of vertices. Now,
if mg = n (Step 3), we set up Dry = Drv U{(vm2, Um3)}, by Lemmall because the
new selected member edge-vertex dominates the all vertices that are not edge-vertex
dominated by the edge (vyn,, Vm,)- So, in that case, Dgy is minimum. Again, in Step
13, if m1; = n, then we include (by Lemma[f]) the edge (vy,vm,,) as a member of
Dgv because all the vertices that are not edge-vertex dominated by the previous
members of Dgy are now edge-vertex dominated by the new selected edge. So,
in that case, Dgy is also minimum. In Step 16, if mq; > ms, then we select (by
Lemma [B]) the edge (vz,vm11) as a member of Dgy because I, is the highest
indexed adjacent interval of I, i.e., the edge (v, Vm,, ) edge-vertex dominates the
maximum number of vertices.

So, in the above cases, we have selected the members of Dgy so that the selected
member edge-vertex dominates the maximum number of node points. We follow
the same rule throughout the algorithm EVDSIG. So, the final Dgy is a minimum
EVDS of the IG G. |

Theorem 1. The Algorithm EVDSIG takes O(n) time to find a EVDS of IG,
where n = |V|.

Proof. Step 1 needs O(|N1]|) time for finding the set My as |[M| = NJ[1]. Step 2
requires O(|N[1]|) time to compute m;. Again, Step 3 finds the set My in O(|Ma|)
time, where |Ms| < n. Like Step 3, O(|Mz]) time is needed to find mgy in Step 4.
Now, Step 5 takes constant time. Also, Step 6 takes constant time to select a new
member of Dgy. Step 7 needs O(|M3]) time, where |M3| < n for computing set Ms.
Like Step 7, Step 8 takes O(|Mz|) time to find m3. The set Dgy can be updated in

2350015-8



Discrete Math. Algorithm. Appl. Downloaded from www.worldscientific.com
by Sambhu Barman on 06/14/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Edge-vertex domination on interval graphs

constant time in Step 9. Step 10 needs constant time. Again, Step 11 finds the set
My in O(|Mq,]|) time, where |Mi1| < n. Like Step 11, O(|M1|) time is needed to
find mq; in Step 12. Now, in Step 13, Dgy can be updated in constant time. Again,
Step 14 takes O(|Maz]) time to find the set Moo, where |Mag| < n. Like Step 14,
Step 15 needs O(]Maz]) time to find mag. In Step 16, a new member of Dgy can be
selected in constant time. In Step 17, for finding set Mss, we need O(|Mss|) time,
where |Mss| < n and for finding mgss, O(|Mss|) time is needed in Step 18. Also,
Step 19 can be finished in constant time. It is clear that sets My, My, Ms, M1,
Moo and Mss are mutually disjoint. So, the total time required to compute all the
members of the set Dgyv is O(n) time. Therefore, the overall compilation time of
the algorithm EVDSIG is O(n). m|

Theorem 2. O(n) memory space is needed to compile the Algorithm EVDSIG.

Proof. In the interval representation of an IG, there is a set of intervals I, where
x = 1,2,...,n. Now, one can store the set of interval s in O(n) space. Also, we
can store the sets My, Ma, M3, My1, May and Mss in O(n) space as these sets are
mutually disjoint. Besides these for finding the highest index of the intervals of sets
My, Ma, M3, Mq1, Msy and Mss, O(n) space is needed. Furthermore, minimum
EVDS Dgy can be stored in O(n) space as |Dgy| < n. Therefore, the total space
complexity of the algorithm EVDSIG is O(n). |

5. Conclusion

In graph theory, domination plays a major role in the vulnerability analysis of
communication networks modeled by graphs. There are many types of domination
depending on the characteristics of dominating sets. Edge-vertex domination has a
very wide range of practical-life applications side also. It can be applied in placing
tracking devices such as cameras to protect facilities in a given area. In this paper,
we formulate an O(n) time algorithm for determining a minimum EVDS on interval
graphs. We also study some properties related to the taken problem. In the future,
we plan to design an optimal algorithm to determine a minimum EVDS of the
social network graph, permutation graph, circular-arc graph and other intersection
graphs.
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